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Three recursive constructions for Howell designs are described, and it is shown 
that all Howell designs H(s, 2n) exist, with s odd, n <s 6 2n - 1, (s, 2n) # (3,4), 
(5,6), or (5, 8). This settles the existence question for Howell designs of odd side. 
1. INTRODUC~~N 
A square array of side s is a Howell design of type H(s, 2n) provided that 
(1) every cell is either empty or contains an unordered pair of elements 
(symbols) chosen from a set of size 2n, (2) every symbol occurs exactly once 
in each row and each column, (3) every unordered pair of symbols occurs at 
most once in the array. If n = 0, we say the Howell design is trivial. Clearly 
a non-trivial Howell design of type H(s, 2n) requires n < s < 2n - 1. 
Suppose an H(s, 2n) contains 2n -s symbols, no two occupying a cell. 
Then we say that the Howell design is a *-design, and denote it by 
H*(s, 2n). The 2n -s symbols are referred to as i@nite elements. 
Howell designs were defined by Hung and Mendelsohn [ 131 in their 1974 
paper. Since that time Howell designs have been studied extensively by 
several mathematicians. 
Part of the interest in Howell designs lies in the fact that the boundary 
cases s = n and s = 2n - 1 are well-known problems. An H(2n - 1,2n) is 
known as a Room square, and constructions for Room squares go back to 
the 19th century (see, for example, Kirkman [ 141 and Cayley [8]). Also, the 
existence of H*(n, 2n) is equivalent to the existence of a pair of orthogonal 
Latin squares of order n, the study of which goes back to Euler [ 111. For a 
definition of pairwise orthogonal Latin squares (or POLS), see [ 121. 
We list below a few results concerning Howell designs. 
(1) H*(n, 2n) exists if and only if n # 2 or 6 (Bose et al. [5]). 
(2) H(6, 12) exists (Hung and Mendelsohn [ 131). 
(3) H*(2n - 1,2n) exists if and only if n # 2 or 3 (Mullin and Wallis 
1161). 
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(4) If k > 2, and n > 2k2 - 7k + 10, then H*(n + k, 2n) exists (Hung 
and’ Mendelsohn [ 131). 
(5) H(n + 1,2n) exists if and only if n + 1 # 2,3, or 5 (Schellenberg 
et al. [ 191). 
(6) H*(s, s f 2) exists if and only if s is even, s # 2 (Anderson [3], 
Schellenberg and Vanstone [ 201). 
(7) Given any pair (m, r) of positive integers r odd and (m, r) # (1, I), 
there exists an integer N(m, r) such that if p is prime p = 2”rs $ 1 > N(m, r), 
with s odd, then H*(p, 2n) exists for p + 1 < 2n < 2p - 4 (Anderson et al. 
[ 1 ], Anderson and Leonard [2]). 
(8) If p = 5 mod 8 is a prime, p > 5, then H*(p, 2n) exists if p + 1 < 
2n < 2p - 4 (Anderson and Leonard [2]). 
(9) If s is even and s + 1 < 2n < 2s, then H*(s, 2n) exists if and only 
if (s, 2n) # (24) or (6, 12) (Anderson et al. [4]). 
(10) If s is odd, 5 < s < 1000, then H*(s, 2n) exists if s + 1 < 2n < 
2s - 4 (Dinitz and Stinson [9]). 
In this paper, we show that if s is odd and s + 1 < 2n < 2s, then H(s, n) 
exists, except for H(3,4), H(5, 6), and H(5,8). Together with results (9) and 
(2) above, this will determine the existence or non-existence of every Howell 
design. 
2. THREE RECURSIVE CONSTRUCTIONS 
A pairwise balanced design (or PBD) is a pair (X, s), where X is a finite 
set (of points), and 2 is a set of subsets of X (blacks), such that every unor- 
dered pair {xi, x2} C_ X occurs in a unique block B E 3. P s 3’ is a parallel 
class if P is a partition of X, that is, every x E X occurs in a unique B E P. 
The following notation will be useful. For x, y E X, x # y, let B(x, y) 
denote the unique block B E 9 with {x, y} s B. For x E X and P a parallel 
class, let B(x, P) denote the unique block B with x E B E P. 
Our first construction is a recursive construction for *-designs. Recall that 
an H*(s, s + k) is an N(s, s + k) such that there exist k symbols (infinite 
elements) no two of which occupy a cell. 
It will be useful to have a standard form for *-designs. Suppose A is an 
H*(s, s + k), with symbol set S U T, and infinite elements T (so 1 S] = s, and 
] Tj = k). Choose any element co E T and standardize A as follows. If 
necessary, permute the rows and columns of A so that co occurs precisely in 
the cells of the main diagonal of A. Having standardized A, we may index 
the rows and columns of A by S, such that { 00, s) occurs in cell (s, s) of A 
(denoted A(s, s)), for every s E S. 
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CONSTRUCTION 1. Suppose (X, 9) is a PBD, and Pi are parallel 
classes, for 1 ,< i ( 1. Let ki be non-negative integers, for 1 < i 6 1. Suppose 
that, for every block B E 9, there exists an H*(I B I,1 B I+ 1 + k,), where 
kB = Cli:BcPJ ki. Then there exists an H*(JXI, 1x1 + 1 + cfEl kJ. 
Proof: We construct a Howell design A on symbol set X U 1, with 
infinite elements I = {co} U {co{: 1 < i < I, 1 (j < ki}. For every block B let 
I,={oo)U{oo-j:BEP,,l~~jki). Now, construct A,, an 
H* { 1 BI, I B I + 1 + k,}, on symbol set B U IB, with infinite elements ZB, and 
standardize with respect to co. 
Given C = (x, y) E X2, define 
A(C)= {@hxJ if x=y 
=A BWdC) if xfy. 
We check that A is indeed the desired Howell design (standardized with 
respect to co). 
Pick a row r E X, and a symbol s E X U I. Then 
sEA(r,r) if s=rors=oo 
EA Bcr.sb-9 4 for some c, if sEX\{r) 
EA Bcr,Pi,(r9 4 for some c, if s = 03:. 
Similarly, A is Latin on the columns. Let us check that no pair occurs 
twice. Clearly no pair of symbols of I occurs in a cell of A, so I is indeed an 
infinite set. 
Let x, y E X, x # y. Then {x, y} can only occur in A,(,,y,, and it occurs at 
most once. 
Lastly, consider x E X, y E I. If y = co, then {x, y} = A(x, x). If y = 00; 
then (x, y} occurs in a unique cell of ABCx,Pij, and in no other cell. 
Thus A is indeed an H*(JXI, 1x1 + 1 + Cf=, ki). I 
Suppose that an H(s, 2n) contains a t X t subarray of empty cells. We say 
that this subarray is a trivia2 subdesign H(t, 0). Since any row or column of 
an H(s, 2n) contains s - n empty cells, we must have t ,< s -n for the 
existence of a trivial subdesign H(t, 0). If t = s - n, we say that the trivial 
subdesign is maximal. We will describe a recursive PBD construction for 
Howell designs containing maximal trivial subdesigns. However, we need a 
standard form for these Howell designs, and the standard form requires an 
additional property. 
Thus, define an H**(s, 2n) to be an H(s, 2n) containing a maximal trivial 
subdesign H(s - n, 0), which further has the property that there exists a 
transversal T of the rows and columns which is also a transversal of the 
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subdesign H(s - n, 0), and which contains every symbol. That is, there exist 
n cells, which together contain all 2n symbols, precisely one cell from each 
row and column which does not meet the subdesign. 
We may now describe a standard form for an H**(s, 2n). Suppose A, an 
H**(s, 2n), is given on symbol set S X { 1,2}, where IS( = n. By permuting 
rows, columns, and symbols, we may assume that the filled cells of the 
transversal T consist of the first n cells of the diagonal (so the H(s - n, 0) 
occurs in the bottom right corner of A). Further, we may assume that the 
cells of T contain {x1, x2}, for all x E S. (We write xi for the ordered pair 
(x, i).) We say that such an H**(s, 2n) is standardized. 
Given A, a standardized H**(s, 2n), the first n rows and columns can be 
indexed by S, such that {x,, x1} occurs in cell (x, x) of A, for all x E S. Any 
s - n further symbols may be chosen to index the remaining rows and 
columns of A. Note that the intersection of these rows and columns forms 
the maximal trivial subdesign. 
We may now describe our recursive construction for **-designs. This 
construction resembles the construction for *-designs in many ways. 
However, in the *-design construction the side of the Howell design is fixed 
and the number of symbols varies. In the construction we are about to 
describe, the number of symbols is fixed and the side varies. 
CONSTRUCTION 2. Suppose (X, 9) is a PBD, and suppose Pi, 1 < i < 1, 
are parallel classes. For 1 < i < I, let ki be a non-negative integer. Suppose 
that, for every block B E 9, there exists an H**(JB ) + k,, 2 ) B I), where 
k, = C,i:BEpiI ki. Then an H**((XI + Cl=, ki, 2 IX\) exists. 
Proof. We describe A, the desired **-design, on symbol set XX (1,2). 
Let Z={a$:l<i<l, l<j<kk,}. We use AUZ to index the rows and 
columns of A. For every block B, let I, = (o$: B E Pi, 1 < j < ki\. Now 
construct a standardized H**((B 1 + kB, 2 (B I), on symbol set B X { 1,2}, 
with rows and columns indexed by B U ZB. 
Given C E (XU I)*, define 
A(C)= {XIV%) if C= (x,x) 
=A llw(C) if C = (x, y) with (x, y) E X2, x # y 
=A Llw$m if C = (x, ooj) or C = (a~{, x) with x E X 
= empty if C E 1’. 
Let us first check that row r is Latin, where r E X. Choose a symbol xk 
(k = 1 or 2). Then 
X,EA(x,X) if r=x 
EA tur,xLr9 c) for some c, if r # x. 
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Next, let us check symbol xk in row co<. We have xk EAB(x,Pjj(r, c) for some 
c. 
Similarly, A is Latin on the columns. Also, the subarray IX I is empty 
and thus is a maximal trivial subdesign. 
Let us check that no pair is repeated. Choose a pair xk, y,. If x = y, then 
A(x, X) = {xi, x2}. If x # y, then {xk, y,} is contained in at most one cell of 
A B(X,YP, and in no other cell. This completes the proof. 1 
Our third recursive construction is a construction for *-designs. This 
construction uses frames, which we now define. Let (S, ,..., S,) be a partition 
of a set S. An {S, ,.,., S,}-frame, F, is a square array of side 1 S ], indexed by 
S, which satisfies the following properties: 
(1) each cell of F either is empty or contains an unordered pair of 
elements of S, 
(2) the subarrays of F indexed by Sj X Sj are empty, for 1 <j < n, 
(3) row (or column) s contains each of the symbols of S\Sj precisely 
once, where s E Sj, 
(4) the pairs occurring in F are precisely those (s, t} with s # t and 
(s,t} &Sj, for l<j<n. 
The iype of an {S,,..., S, j-frame F is the multiset {IS, I,..., IS,/}. We will 
say that F has type t:‘ti’ ... tik provided there are precisely uiSj’s of 
cardinality t,, 1 ( i < k. 
CONSTRUCTION 3. Suppose F is a frame of type t:‘tt’ ..- t?. Let I be a 
positive integer, and suppose there exist H*(t,, ti + 1) for 1 < i < k. Then 
there exists an H*(s, s + l), where s = C”=, tiui. 
ProoJ This is essentially Theorem 7.1 of [lo]. a 
3. H*(s,s+k)FoRk=1,3AND5 
The following was shown by Mullin and Wallis [ 161 (note that any 
H(s, s + 1) is an H*(s, s + l), and conversely). 
LEMMA 3.1. There exists an H*(s, s + 1) if and only if s > 7 is odd, or 
s= 1. 
In this section we wish to show that all H*(s, s + k) exist for k = 3 or 5, 
except for H*(5, S), and (possibly) H*(7, 12). (Rosa [17] has recently given 
a non-computer proof that no H(5, 8) exists.) We use Construction 3. 
We need a recursive construction for frames which makes use of GDDs. A 
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group-divisible design, or GDD, is a triple (X, CZ?, @) which satisfies the 
following: (1) .y is a partition of X into subsets called groups, (2) G’ is a set 
of subsets of X, each of size at least two, called blocks, (3) a group and a 
block have at most one common point, (e) (X, C??’ U CPI) is a PBD. 
A weighting of a GDD is a mapping w: X + Zc U {O}. For Y c X, w(Y) 
will denote the multiset {w(x): x E Y}. The following result is shown in [ 211. 
LEMMA 3.2. Suppose (x, .%‘, C?) is a GDD and w is a weighting. For all 
A E (7, suppose there is a frame of type w(A). Then there is a frame of type 
ic xEG w(x): GE .3’}. 
In applying Lemma 3.2, we need the following two “input” frames. 
LEMMA 3.3. There exist frames of type l9 and 1’3’. 
Proof: A frame of type l9 can be constructed from a Room square of 
side 9 (see [lo]). A frame of type 1831 was constructed by J. H. Dinitz and 
is presented in [21]. 1 
In applying Lemma 3.2, we will make use of transversal designs. A 
transversal design, or TD(k, n), is a group divisible design which has k 
groups of n points each, and such that every block contains k points. (Thus 
there are nk points, n2 blocks, and a block and a group contain exactly one 
common point). A well-known result relates the existence of TDs to the 
existence of pairwise orthogonal Latin squares. That is, the existence of a 
TD(k, n) is equivalent to the existence of k - 2 POLS of order n. 
LEMMA 3.4. Suppose there is a TD(9, m), and m < t < 3m, with m - t 
even. Then there exists a frame of type m’t’. 
Proof. Let (X, .Y, 67) be a TD(9, m), and let G E 9’. Define w: X -+ { 1,3} 
so that w(x) = 1 if x E X\G, and so that CxEG w(x) = t. Now apply 
Lemma 3.2. The two input frames required are given in Lemma 3.3, so a 
frame of type m8t1 is obtained. 1 
We can now establish the existence of H*(s, s + k), k = 3 or 5. Result 
(10) of the introduction guarantees the existence of all the small designs we 
need. For future reference we record it. 
LEMMA 3.5. If 5 < s < 1000, s odd, then there exists an H*(s, s + k) for 
all 1 < k < s, k odd, k # s - 2. 
We also need a well-known result concerning TDs, due to MacNeish [ 151. 
LEMMA 3.6. Zf n > 0 has prime power factorization n = n p:‘, then 
there exists a TD(min( pgi + 1 ), 9). 
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LEMMA 3.1. Ifs > 153 is odd, then there is a frame of type mat’, where 
m and t are odd, 11 < m < t < 3m, and s = 8m $ t. 
Proof. Consider the sequence defined: m, = 17, m, = 19, m, = 23, 
m3 = 27, m4 = 31, ms = 37, m, = 43, and for i > 7, mi is the least integer 
1> mi-, such that (1,210) = 1. By Lemma 3.6, there is a TD(9, mi) for i > 0. 
We now verify that 1 lm,-i > 9m, for all i > 1. (Certainly this is true for 
l<i<6.) Let i>7, so mi>47. We have m,,<m,-,+lO, so 
9mi < 9miel + 90 < 1 lmi-, , as desired. 
Thus we have s = 8m, + t for some i, and mi < t < 3m,, with t odd. Apply 
Lemma 3.4 to obtain the desired frame. 1 
LEMMA 3.8. (i) Ifs > 5 is odd, then H*(s, s t 3) exists. 
(ii) Ifs > 7 is odd, then H*(s, s + 5) exists. 
ProoJ: By induction on s. Apply Lemma 3.7 and Construction 3. 1 
THEOREM 3.9. If s and k are odd, and 1 <k< min(5, s), then 
H*(s, s t k) does not exist if and only if (s, s t k) = (3,4), (5,6), (5, S), or 
possib!v (7, 12). Also, H(7, 12) exists. 
ProoJ H*(3, 6), H*(5, lo), and H(7, 12) all exist (see Introduction), and 
we have noted that H(5,8) does not exist. Lemmata 3.1 and 3.8 imply the 
result. I 
4. H*(s, s + k), k ODD AND 7 < k < 3s 
In this section we demonstrate the existence of H*(s, s + k) for s, k odd 
and 7 < k < ss. We will use Construction 1. We need the result of the 
previous section, as well as the existence result concerning designs of even 
side proven in [4]. 
THEOREM 4.1. Ifs is even and s + 1 < 2n < 2s, then H*(s, 2n) exists if 
and only if (s, 2n) # (2,4) or (6, 12). 
In applying Construction 1, we use resolvable transversal designs. A 
TD (k, n) is resolvable if its blocks can be partitioned into n parallel classes. 
We denote a resolvable TD(k, n) by RTD(k, n). It is well-known that the 
existence of a TD(k t 1, n) is equivalent to the existence of an RTD(k, n). 
We derive a corollary to Construction 1. 
LEMMA 4.2. Suppose an RTD(1, m) exists, and 0 < t < m. Let 
4,) k, ,.., k, be non-negative integers. Suppose the following Howell designs 
exist : 
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(1) H*(m,m + 1 + k,), 
(2) H*(t, m + 1 + k,), 
(3) H*(Z,Z+ 1 -t-k!)for 1 <i<m,, 
(4) H*(Z- l,Z+ 1 +ki)for 1 <i<rn. 
Then an H*((Z - 1)m + t, Zm + 1 + C;“=O kJ exists. 
Proof. Start with an RTD(Z, m), and delete m - t points from a group, 
yielding a GDD(X, Y,@) with 1 - 1 groups of size m, one group of size t, 
and blocks of size 1 and Z - 1. Consider the associated PBD (X, .Y U OT). We 
have a parallel class P, = ,Y, and parallel classes P, ,..., P,,, , each containing t 
blocks of size Z and m - t blocks of size Z - 1, obtained since the original TD 
was resolvable. Every block is in exactly one Pi, 0 < i < m. We also have 
m - t further parallel classes, Qj, for 1 < i < m - t. Each of these parallel 
classes is induced by one of the points expunged from the original TD, and 
each contains m blocks of size Z - 1, and the block of size t. Each block of 
size Z- 1 occurs in a unique Pi and a unique Qj, and conversely, given any 
Pi, 1 < i < m, and any Qj, 1 <j < m - t, their intersection is a block of size 
I- 1. 
We assign ki, 0 < i < m, corresponding to the Pi)s and Zj = 1, 
1 < j < m - & corresponding to the QTs. Let us check the conditions of 
Construction 1. 
A block of size m occurs only in P,, so we require H*(m, m + 1 + k,), 
hypothesized above. The block of size t occurs in P,, and in Qj, 
1 <j< m - t. Thus we require an H*(t, t + 1 + m - t + k,), which is an 
H*(t, m + 1 + k,). We have also assumed that this design exists. 
Next, a block of size Z occurs only a Pi, 1 < i < m, and every Pi contains 
a block of size 1, so we require H*(Z, Z + 1 + k,), for 1 < i < m. 
Finally a block of size 1 - 1 occurs in a Pi, 1 < i < m, and a Qj, 
1 < j < m - t, so we require H*(Z - 1, Z - 1 + 1 + 1 + k,), that is, an 
H*(Z-1, Z+l+k,), for l<i<m (again, since every Pi, l<i<m, 
contains a block of size Z - 1). We have assumed that all these designs of 
side 1 - 1 and Z exist, so the result follows by Construction 1. 1 
We now prove a preliminary result concerning H*(s, s + k) for s, k odd, 
k < 3s. 
LEMMA 4.3. Ifs 2 7 is odd and k < 3s is odd, then H*(s, s + k) exists. 
Proof. The proof is by induction on s. If s < 1000, then we are done by 
Lemma 3.7, so assume s > 1000, s odd, and k < $s. We may also assume 
k >, 7, in view of Theorem 3.9. Write s = 6m + t, with 0 < t < m and 
m -t < 6. It is known (71 that an RTD(7, m) (i.e., 6 POLS of order m) 
exists if m > 77. But m > s/7 > 77, so the RTD exists. 
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We will apply Lemma 4.2 with I= 7. Let 
k,= 1 if m is even 
=o if m is odd. 
Then H*(m, m + 1 + k,) exists by either Lemma 3.1 or Theorem 4.1. We 
also need ZY*(t, m + 1 + k,). This design is an H*(t, t + I), where I= 1, 3, 5, 
or 7 (note t is odd), and exists by induction. (Actually, the induction 
assumption is needed only if I = 7, since Theorem 3.9 covers the cases 
I= 1, 3, or 5:) 
We must now assign ki, for 1 < i < m. We will let each ki = 0 or 2, 
1 <i,< m. The Howell designs needed are H*(6,8), H*(6, lo), H*(7, 8), 
and H*(7, 10) which exist by Theorem 4.1 and Lemma 3.11. We wish to 
assign these k, so that 7m + 1 + CyzO ki = 6m + t + k, that is, so that 
Cy’,ki=k-(m-t)-k,-1. N ow CT!, ki can take on any even value 
from 0 to 2m. The term k - (m - t) - k, - 1 is even, non-negative, and less 
than or equal to $s, whereas 2m > +s, so the assignment can be made. This 
completes the proof. 1 
We are now ready to prove our main result. An induction assumption will 
not be required. First, a technical lemma. 
LEMMA 4.4. Ifs > 761 is odd then we can write s = 7m + t, with m odd, 
such that an RTD(8, m) exists, and (m + 3)/2 < t < m. 
Proox Write s = 7m, + to, with m, odd, 0 < t, Q m,, and m, - to < 15. 
Then m, > 95. Brouwer [7] has published a list of orders for which seven 
POLS are not known. It can be checked that, given any odd integer n > 95, 
there exist seven POLS either of order n or n + 2. Thus we may find m odd, 
m, < m < m, + 2, such that an RTD(8, m) exists. 
Let t = s - 7m. Then t > t, - 14, m < m, + 2, and m,, - t, ( 15, so 
m - t < 3 1, i.e., t > m - 31. Now we wish to show that t > (m + 3)/2. This 
will be true if m - 31 > (m + 3)/2, that is, if m > 65. However, m > m, > 95, 
so the proof is complete. I 
THEOREM 4.5. If s and k are odd, s > 7, and 1 < k < $s, then an 
H*(s, s + k) exists. 
Proof. If s ( 1000 or k ( js, the design H*(s, s + k) exists by 
Lemma 3.5 or Lemma 4.3. Thus assume s > 1000 and k > $s. Using 
Lemma 4.4, write s = 7m + t, with m odd, (m + 3)/2 < t < m, and such that 
an RTD(8, m) exists. 
We will apply Lemma 4.2 with I = 8. For 1 & i < m, each ki will be 1 or 5. 
Note that H*(7, lo), H*(8, lo), H*(7, 14), and H*(8, 14) all exist. 
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We will let k, = 0 or 2. H*(m, m + 1 + k,) is an H*(m, m + 1) or 
H*(m, m + 3), which exist by Theorem 3.9. Also, we need H*(t, m + 1) and 
H*(t, m + 3). Since t is even, and m + 3 < 2t, these designs exist by 
Theorem 4.1. 
By Lemma 4.2, we can construct H*(7m + t, 8m + 1 + CT=0 ki) for the 
above values of ki. Now, Cr!“=, ki can take on any value, from m to 5m, 
congruent to m modulo 4. Thus CrzO ki can take on any odd value from m 
to 5m+2. Let k=8m+ 1 +~~~“=,k,-(7m+t)=l +m-t+J’J~=“=,ki. We 
canconstructH*(s,s+k)forkodd,2m-t+l~k~6m-t+l.Wehave 
assumed ss < k < is, so we can construct the desired designs provided fs > 
2m-t+1and~s~6m-t+1.Wehaves=7m+t,where1~t~m.Thus 
2m - t + 1 < 2m < $s, and 6m - t + 1 > 5m > is > 3s. Thus the kts can be 
assigned appropriately, and the result is shown. 
5. H(s,2n) FOR S ODD, 2n>$ 
In this section we determine the existence of H(s, 2n) with s odd and 
2n > js. 
LEMMA 5.1. H(s, 2s - 2) does not exist if and only ifs = 2,3, or 5. 
Pro05 This is shown in [ 191. 1 
LEMMA 5.2. If s is odd, 5 < s < 1000, s + 1 < 2n < 2s, then H(s, 2n) 
exists. 
Proof. Lemmata 3.5 and 5.1. 1 
Let us now consider H(s, 2n) with s odd, s > 1000, and 2n > !s. We wish 
to use Construction 2 to construct **-designs of this type. We will use a few 
small **-designs (having 14 or 16 symbols) and the class of Howell designs 
H**(s, 2s). The proof will not require an inductive assumption. 
LEMMA 5.3. H**(s, 2s) does not exist if and only ifs = 2 or 3. 
Proof. If s # 2, 3, or 6 then a pair of orthogonal Latin squares of order s, 
containing a common transversal, exists (see [6]). The superposition of these 
Latin squares yields an H**(s, 2s). 
It is easily see that no H**(2, 4) or H**(3, 6) exists. However, we can 
construct an H**(6, 12). This is done in Fig. 1. u 
LEMMA 5.4. H**(7 + k, 14) and H**(8 + k, 16) exist for k = 0, 1,2. 
Proof. H**(7, 14) and H**(8, 16) exist by Lemma 5.3. We construct the 
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remaining **-designs by using intransitive starter-adders. (See Rosa et al, 
] 181). The notation is as in Ref 18). 
For H**(9, 14), C= ({3,, 4*}, {2,, 52}), R = ({5,, &}, {4,, 3,}), and 
S=(P,,021, {6,,4,1, {5,, I,}, {3,, I,}, {6,,2,}), and the adder is 
04, 1, 376). 
For ff**(h 14), C= ({5,,4,}),R = ({6,,2,}), and S= ({O,,O,], {12,2,), 
PI, 3,L {4,, 6,}, {12, 3h {5,, &}), and the adder is (0, 1,2,4,5,6). 
For H**(9, 16), C=({2,,6,}), R=({2,,4,}), S=({O,,O,}, {5,,6,}, 
{l,, 3,}, {22, 32}, {5,, 7,}, {4,, 7,}, {12,42}), and the adder is (0, 1, 2, 3, 4, 
5, 6). 
Finally, for ff**(lO, 16), C= (( I,, 3,), (3,, 12}), R = ({3,, &}, {6,, 12}), 
and S= (10,,02}, {4,,5,}, {2,,5,}, {6,, 7,}, {4,, 6,}, I&, 7,}), and the 
adder is (0, 1,2,3,7,5). 1 
LEMMA 5.5. Ifs > 1000 is odd and 2s > 2n > fs, then H**(s, 2n) exists. 
ProoJ Let n = 7m, + t,,, where 4 < t, < 10. Then m, > (n - lo)/7 > 
(4/35)s - 10/7 > 113. 
Using the result of Brouwer [7], referred to in the proof of Theorem 4.5, 
we may find m, m,-3<m<m,, such that an RTD(8, m) exists. Let 
t=n-7m.Then4<t<31.Nowm>m0-3>llO,som>t. 
Thus we may construct a GDD(X, F’, a) by deleting m - t points from an 
RTD(8, m). Consider the associated PBD(X, Y U @). P, = 9 is a parallel 
class consisting of seven blocks of size m and one block of size t. Since the 
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original TD was resolvable, we have parallel classes P, ,..., P,, each 
consisting of t blocks of size 8 and m - t blocks of size 7. Every block of the 
PBD is in exactly one Pi, 0 < i < m. 
We now use Construction 2. We will assign k, = 0, and ki = 0, 1, or 2, for 
1 < i < m. If B E P,, then we require H**(/ BI, 2 / B() which exists, since 
IB I> 4, by Lemma 5.3. If B E Pi, for some i, 1 < i < m, then the required 
design is one of the designs constructed in Lemma 5.4. Thus Construction 2 
yields an H* *(n + CT!, ki, 2n). 
We need only check that we can assign ki = 0, 1, or 2, for 1 < i < m, so 
that s = n + CT! i ki. That is, we wish to have Crz,ki=s-n=s- 
(7m + t). Now, CT!, ki can take on any value from 0 to 2m. We know that 
2s > 2n > (8/5)s, so 0 < s - n < n/4 = (7m + t)/4 < 8m/4 = 2m. Thus we 
can assign the k:s appropriately, so that an H**(s, 2n) results. This 
completes the proof. I 
6. SUMMARY 
Summarizing, we obtain our main result. 
THEOREM 6.1. If 0 < n < s < 2n - 1, then H(s, 2n) does not exist if and 
only if@, 2n)= (X4), (3,4), (5, 61, or (5,8). 
Proof: For even s, the result is shown in Ref. [4]. If s is odd, apply 
Theorem 3.9, Theorem 4.5, Lemma 5.2, and Lemma 5.5. 1 
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